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Abstract
Motivated by the success of A4 in explaining neutrino tribimaximal mixing, and
its approximate residual Z3 symmetry in the quark and charged-lepton sectors, the
notion of flavor triality is proposed. Under this hypothesis, certain processes such as
τ+ → µ+µ+e− and τ+ → e+e+µ− are favored, but τ+ → µ+e+e− and µ+ → e+e+e−
are disfavored. Similarly, B0 → τ+e− is favored, but B0 → τ−e+ is disfavored.
Introduction : The observed neutrino mixing matrix is very close to the tribimaximal
form [1] and is best understood in terms of the tetrahedral symmetry A4 [2, 3, 4, 5]. The
key to its success is the pattern of symmetry breaking with preserved subgroups [6, 7] such
that A4 → Z3 in the charged-lepton sector and A4 → Z2 in the neutrino sector, which
may be accomplished [8] in a renormalizable model using Higgs doublets and triplets, both
transforming as 1 and 3 of A4 alone [9]. Other more complicated scenarios with additional
auxiliary symmetries have also been proposed [10, 11, 12, 13, 14, 15, 16, 17, 18, 19].
In the quark sector, the same pattern for both up and down quarks as the charged-lepton
sector is the most natural choice, in which case there is perfect alignment of the two mass
matrices, resulting in no mixing at all. Since quark mixing angles are known to be small,
this is a good first approximation. Thus the residual symmetry Z3 is approximately valid in
all fermion sectors, except the neutrino sector. The notion of flavor triality in the quark and
charged-lepton sectors is then a useful tool for understanding if A4 (or some other symmetry
which also breaks to Z3) is the correct underlying explanation of neutrino tribimaximal
mixing.
Flavor Triality : In most applications of the non-Abelian discrete flavor symmetry A4
to quark and lepton mass matrices, A4 is broken spontaneously and softly to the residual
symmetry Z3 in the up and down quark and charged-lepton sectors, and to Z2 in the neu-
trino sector. The latter is actually a small perturbation, which is crucial for deriving the
tribimaximal mixing of the neutrino mass matrix, but otherwise not very important in other
physical processes. In fact, the Lagrangian is approximately invariant under Z3 in such a
scenario. Let ω = exp(2pii/3) = −1/2 + i√3/2 with ω3 = 1, then the quarks and charged
leptons may be classified according to [8]
u, d, e ∼ 1, c, s, µ ∼ ω2, t, b, τ ∼ ω, (1)
uc, dc, ec ∼ 1, cc, sc, µc ∼ ω, tc, bc, τ c ∼ ω2. (2)
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Therefore, certain quark and lepton flavor-violating processes are favored, but others are
disfavored.
Using Eqs. (1) and (2), it is clear that only the following flavor-changing leptonic decays
are favored:
τ+ → µ+µ+e−, τ+ → e+e+µ−. (3)
In the quark sector, they are
b→ ssd¯, b→ dds¯, t→ ccu¯, t→ uuc¯. (4)
In processes involving both quarks and leptons, they are
B0 → τ+e−, µ+τ−, e+µ−, B0s → τ+µ−, µ+e−, e+τ−, (5)
D0 → τ−e+, e−µ+, K0 → µ+e−, τ+ → µ+K0, τ+ → e+K¯0. (6)
Scalar Mediators : The mediators of flavor triality are a triplet (under A4) of Higgs scalar
doublets (under SU(2)L × U(1)Y ) which transform under Z3 as
φ0 ∼ 1, φ1 ∼ ω, φ2 ∼ ω2. (7)
As for their Yukawa couplings to quarks and leptons, there are two existing versions. One [2,
18] comes from having lc1,2,3 transforming as 1, 1
′, 1′′ under A4. The other [8, 9] uses 3. In
the former, φ0 is identified as the one Higgs doublet of the Standard Model, with couplings
(g/
√
2MW )[meeLeR+mµµLµR+mττLτR] and similarly for quarks. The leptonic interactions
of φ1,2 are given by [2]
Lint =
√
3
2
g
MW
[mτ (νµ, µ)LτR +mµ(νe, e)LµR +me(ντ , τ)LeR]φ1
+
√
3
2
g
MW
[mτ (νe, e)LτR +mµ(ντ , τ)LµR +me(νµ, µ)LeR]φ2 +H.c., (8)
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whereas those involving quarks are
Lint =
√
3
2
g
MW
[mb(c, s)LbR +ms(u, d)LsR +md(t, b)LdR]φ1
+
√
3
2
g
MW
[mb(u, d)LbR +ms(t, b)LsR +md(c, s)LdR]φ2
+
√
3
2
g
MW
[mt(c, s)LtR +mc(u, d)LcR +mu(t, b)LuR]φ˜2
+
√
3
2
g
MW
[mt(u, d)LtR +mc(t, b)LcR +mu(c, s)LuR]φ˜1 +H.c., (9)
where φ˜ = iσ2φ
∗. Note that flavor-changing radiative decays such as µ → eγ and b → sγ
are not induced by these interactions.
The charged scalars φ±1,2 are degenerate in mass [2]. However, the situation is more
complicated [18] for the neutral scalars. Since φ01, φ¯
0
2 transform as ω under Z3, whereas
φ02, φ¯
0
1 transform as ω
2, neither φ01 nor φ
0
2 are mass eigenstates. Rather, they are
ψ01,2 = (φ
0
1 ± φ¯02)/
√
2 ∼ ω, (10)
with m1 6= m2. Note also that in the Higgs potential itself, soft breaking of A4 to Z3
allows φ1,2 to have a mass different from that of φ0. This mass is not related to electroweak
symmetry breaking and subject only to specific phenomenological constraints, as will be
discussed.
In the latter version [8, 9], there is an additional Higgs doublet η transforming as 1 under
A4. Whereas η
0 with 〈η0〉 = v0 couples to charged leptons according to
1
3v0
(me +mµ +mτ )(e¯LeR + µ¯LµR + τ¯LτR), (11)
φ0 of Eq. (7) with 〈φ00〉 = v couples according to
1
3v
[(2me −mµ −mτ )e¯LeR + (2mµ −mτ −me)µ¯LµR + (2mτ −me −mµ)τ¯LτR]. (12)
Hence the linear combination (v0η + vφ0)/
√
v20 + v
2 acts as the Standard-Model Higgs dou-
blet, and the orthogonal combination has enhanced couplings [20] to e¯LeR and µ¯LµR.
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The Yukawa couplings of φ01,2 to leptons are now given by
φ01
3v
[(2mτ −me −mµ)e¯LµR + (2me −mµ −mτ )µ¯LτR + (2mµ −mτ −me)τ¯LeR] +
φ02
3v
[(2mµ −mτ −me)e¯LτR + (2mτ −me −mµ)µ¯LeR + (2me −mµ −mτ )τ¯LµR] +H.c.,
(13)
and those to quarks are
φ01
3v
[(2mb −md −ms)d¯LsR + (2md −ms −mb)s¯LbR + (2ms −mb −md)b¯LdR] +
φ02
3v
[(2ms −mb −md)d¯LbR + (2mb −md −ms)s¯LdR + (2md −ms −mb)b¯LsR] +
φ¯02
3v
[(2mt −mu −mc)u¯LcR + (2mu −mc −mt)c¯LtR + (2mc −mt −mu)t¯LuR] +
φ¯01
3v
[(2mc −mt −mu)u¯LtR + (2mt −mu −mc)c¯LuR + (2mu −mc −mt)t¯LcR] +H.c.
(14)
Contrary to Eqs. (8) and (9), where many of the Yukawa couplings are proportional to the
masses of light quarks and leptons, all the couplings in Eqs. (13) and (14) are proportional
to the largest mass in each sector, i.e. mτ , mb, and mt. From the nonobservation of the
rare decays listed in Eqs. (3) to (6), this would require m1,2 to be much greater than the
constraints coming from Eqs. (8) and (9).
Phenomenological Constraints : The best experimental limit on the rare decays listed in
Eqs. (3) to (6) comes from K0L → µ±e∓ with a branching fraction [21] less than 4.7× 10−12.
Using Eqs. (8) and (9), with mK = 495 MeV, ms = 104 MeV, Vus = 0.225, the ratio
Γ(K0L → µ±e∓)
Γ(K+ → µ+ν) =
9m2Km
2
s
4|Vus|2
(
1
m21
+
1
m22
)2
, (15)
leads to the bound
m1m2√
m21 +m
2
2
> 510 GeV. (16)
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Using the above bound, the branching fraction of the rare decay B0 → τ+e− is then
predicted by Eqs. (8) and (9) to be less than 1.4×10−7, well below the current experimental
bound of 1.1× 10−4. The other flavor-changing leptonic decays of B0 (i.e. µ+τ− and e+µ−)
are suppressed even further, i.e. by m2µ/m
2
τ andm
2
e/m
2
τ respectively. Similarly, the branching
fraction of B0s → τ+µ− is predicted to be roughly equal to that of B0 → τ+e−, and the other
modes µ+e− and e+τ− are suppressed analogously. The decay rates of τ+ → µ+µ+e− and
τ+ → e+e+µ− are proportional to m2µm2τ (m21 + m22)2/m41m42 and m2em2τ (m21 + m22)2/m41m42
respectively and thus many orders of magnitude below current limits. Similarly, the decay
rates of D0 → τ−e+ and D0 → e−µ+ are proportional to m2τm2c(m21 + m22)2/m41m42 and
m2em
2
c(m
2
1 +m
2
2)
2/m41m
4
2 respectively, and are also negligible.
Higgs Decays : If the neutral Higgs bosons ψ01,2 of Eq. (10) are observed. Their decays are
then completely determined according to Eq. (8) and (9). They should decay dominantly
into tc¯ and tu¯.
In the version with Eqs. (11) to (14), φ1,2 are presumably too heavy to be observed.
However, η and φ0 may be light, and their decays according to Eqs. (11) and (12) would also
be indicative of flavor triality.
Lepton Flavor Triality Alone : The notion of flavor triality is much more applicable to
charged leptons than quarks, because neutrinos are nearly massless. If quarks are not con-
sidered, then only the decays of Eq. (3) are relevant and only Eqs. (8) and (13) are to be
studied. Using Eq. (8),
B(τ+ → µ+µ+e−) = 9m
2
τm
2
µ(m
2
1 +m
2
2)
2
m41m
4
2
B(τ → µνν) < 2.3× 10−8, (17)
the bound
m1m2√
m21 +m
2
2
> 39 GeV (18)
is obtained instead of Eq. (16). The branching fraction B(τ+ → e+e+µ−) is further sup-
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pressed by m2e/m
2
µ in this case. On the other hand, the two branching fractions are about
the same if Eq. (13) is used, yielding a bound of 54 GeV instead. This means that ψ01,2 may
be light enough to be accessible at the Large Hadron Collider (LHC). Their production [22]
is presumably via Z → ψ01,2ψ¯01,2. Using Eq. (8), ψ01,2 are predicted to decay equally into τ+µ−
and τ−e+, whereas the µ+e− mode is suppressed by m2µ/m
2
τ . Using Eq. (13), the decay rates
of ψ01,2 into τ
+µ− and τ−e+ are again roughly equal, but that to µ+e− is now about four
times larger.
Conclusion : The notion of flavor triality for quarks and leptons may a useful guide for
checking if Z3 is an underlying residual symmetry for understanding neutrino tribimaximal
mixing from either A4 or some other non-Abelian diecrete symmetry which also breaks to Z3.
In two specific scenarios with scalar mediators, flavor-changing quark and lepton interactions
are discussed. If only lepton flavor triality is valid, these scalars may be light enough to be
observable at the LHC and their decays would reveal their underlying flavor structure.
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